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XXVI. A Specimen of a new Method of comparing Curvili- 
neal Areas ; by which many fuch Areas may be compared 
as have not yet appeared to be comparable by any other 
Method. By John Landen, j£ R. S. 

Read June 9, \X THEN a body in motion is continually a&ed upon 
17 g# VV by a variable force, the fpace it has paffed over at the 
end of any given time, it is well known, will be expreffed by the area 
of the curve, whofe ordinate expreffes the velocity of the body, whilft 
the time it has been in motion is expreffed by the correfponding abfeiffa. 
Therefore the facilitating the computation of curvilineal areas will mani- 
feftjy contribute to the improvement of the dodtrine of motion. Which 
dodtrine being a branch of philofophy of no fmall importance, fuch im- 
provement will not, I am perfuaded, be looked upon as a trifling fpecu- 
lation, by the Royal Society : to whom, therefore, I do myfelf the 
honour of communicating this fpecimen of a new and ready method of 
computing fuch areas, by means of a given area ; prefuming that what 
is here written will not be deemed undeferving of a place in the Philoso- 
phical Tranfadtions. 

I. 

Geometricians have found, that, if A be put to denote the whole area 

of the curve, whofe abfeiffa is x> and ordinate 1 — x %[ x x *, 

the 
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the whole area of the curve, whofe abfcifla is #, and ordinate 

j_^p xx will be = p+r . p+r+ 1 , /+ ; +a (ji) X A 8 ^be- 

ing any pofitive integer, and p and r any pofitive numbers, whole or 
fractional. 

It. 

By the preceding article, the whole area, when the ordinate is 

= 1* — i ar+a«— !• *.as+i(r) t.2(z—i) i « 

*+* x* * ^ p+z.p+z+i (r) XpTprr® x « ; thc 

». i n * ■ ^ A -j T '92 i „ , »' 

w&/<? area, when the ordinate is i — x' ]t x x , being 

1.2(g— t) I 

p *P+-i (a) a* 
Likewife, by the fame article, the fame whole area is =: 

p+ ^ + t+\ r+ p + ^oT) * A ' Thercfore this laft ex P rcffion is = 

*.z+i (r) 1.2(2: — 1) 1 ~ i-i . t 

*a.., A x iy j. t i M x rri — TT x r- From which equation, p and r 
being pofitive, as before obferved, A* the whole area of the curve, 

whofe ordinate is 1 — Pr ~ x x^ 2r ~ x , is found equal to 

,.ft-i./ + a{r+sjx r .r + x («) X P bein S an y number what- 
ever. 

Confequently, fuppofing « infinite, we find A = the ultimate value, 

or limit of \\2 {% \+V?* r V { ?\ X ~ • 

p*p+i.p+2(z)xr.r+i {%) " 2z 

Having thus obtained a general expreffion .for the whole area -of any 
curve, whofe ordinate is expreffed by 1 — x z]p ~ l x/ r "" 1 , and that 

expreffion 
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cscpreffion for fuch area confifting of an infinite dumber of fa&<>r$ mul- 
tiplied together $ to render the fame ufefql in pra&ice, fome theorems 
are requifite for afcertaining the limits of fuch produ&s. The theorems 
which I have hitherto been abie to iaveftigate fiiitafele tohat purpo fe, I 
fhall give in the next two articles, 

III. 

2 

She htmt or i — mr x 2 ■— • nr x 3"— nr \z) x - , : is = - x fine 

JS 

of '«rSj N being the number whofe hyp. log* is 1, and S the femi- 
periphery of the circle, whofe radius is 1. 
Whence, by taking m equal o 9 we find the limit of i\ z\ 3* 

(%) X - — xt" =*r ^ S, 



- 1 1 'r 'f r ■«» «' ! "i> ■ ' im ' 'j'"" « ' • ** * '■> ' i n tn 11 . . . ■* "VT 



The limit of d% 4- a x ^» •+" ^ "T »•%«* + a . + 2-1/ x 



a* * * 
2- tf ». 



1SS2 

Hence, J54" I ^ + 2 ' 2S 4"3( 25 ) teing r=r 1. 3,5 (z)X2 , it appears, 
that the limit of .1 . 3 . 5 (s) X — — - is = 2 *• 

I fhall now give fome examples, to fhew the ufe of the above 
articles, 

Writing 
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V. 

Writing A, B, C, D, and E, for the whole areas of the curves, whole 

a X I. m n JL - , L % 

ordinates are — - — xi — ^— 1) • ■ - 1 -; , — — -^ and — — It refpec- 

i — **r i — **** i—x^ z i—x^ z T^?\ z 

tively ; we have, by Art. II. 

A - the limit of 1 * 2 ' 3 ^* 4 ' MOW H_l 
B =s the limit of ^.jejxa. s . 8 («) x « J 

x a 2 » * / % > 2 ^« — i fthe area of the femi-circle, 

C = the limit of V x* > 77; X r -- = I whofe radius is 1 ; 

* • 3 • 5 (*0 * 

D = the limit of — „ ■ 7 ; * — ■ ' ■ ■ \ X — ■ 5 

1 • 3 • 5 i z ) x l • 4* 7 W 2 * 

^ , ,. ... ,1.2.3 zX2. 5vlW w % , * 

E = the limit of |i3> ; ( , )xii 7 \ I3(z j X — ; j— . 

A 
Now it appears by the above equations, that n is ±= the limit of 



St-. 4. «. 7. 8*10(22) 22 u-^uu a-.*, ttt v 6 x fine 60 3 

±_± — 5 — / \ { x 2 • which by Art. III. is = —t?-' 1^ — ~ 

S« 7* 11 - 13.17.19 (2»J ' ^ i2Xiine3o 2 



■JT 



Therefore A is = 



3 f B 
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It appears alfo, that -£r is=: the limit of i-- : -^~i~ 1^ 9 ~t^\ X — ^r— ; 
which by Art* III. is = 3 % 

sic 

Therefore D is tz 3 -g— . 

It likewife appears, that 
BxE is = the limit of ^ »|; f z ( ( *]x 3 ' %%% ~ * = 3 C. 

Therefore E = ^g-. 

VL 

Writing F, G, H, I, and K, for the w/6<?/^ areas of the curves, whofe 
ordinates are — , — - — r , — - — ^, x , and x > refpec- 



^)3 



^13 73T7P I — *1 3 1—^1 



1 — X I - 

tively, we have, by Art. II. 



F = the limit Qf M f;l x ^^ l( ;j X J- ; 

^.5.8 (a) X 5. 11 .17 (a) 2z' 



r» *^ !:•«:#. ^f *' a '3 (*) x 8.14.20(2) v 3 
G = the limit of TT^WJP) *7+y 

TT . t . . A r 1 .2 .3 (a) X 7. 13.19 (*) . 1 r> 

H = the limit of — 1-1-— - ^ 2 ^ X -=B ? 



I = the 
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I = the limit of ■■ vvAv V, *; rTT^ TT'* 

2.5.0 (z; x 1.4.7 (*) iss 

K = the limit of ~ — o , „ : — --t 1 ^ X — . 

a • 5. 8 {z) X I . 7 . IJ (i5) 2K 

F F 

By which equations it appears, that g =*■ ^ is c=- the limit 
of hlL 1LJLJLJJ& x J*-, wW ch by Art. III. is = J^L^ 

5.7.11.13.17.19 (ZJ5). J * * x2xfineQf3o° 



Therefore F is * R 



It appears likewife* that 



fc 



p- is — the limit of — I , \ — ' 2— — ~ X — 

B 2.5.8 (z) x 7. 13. 19 (%) a 

= the limit of y-3 T S.,-(«) * W-*» W x 6 Z 

4.7. IO (2Z) 

=s the limit of — l '3' s (z) — X 6% 

3* + 4-3* + 7' 3* + 10 ( z ) 

which, by Art. IV, is ==: 2~K 

Therefore G is r: *-— . 

* 

It alfo appears, that 

I is =: the limit of * * * ■-% — ^-r — r X 5 which, by 

2.3.5.7.8. 10 (zz) * % * v "> * 

A^TIT 2 S S 2 C 

Art III —— — — — — • — — 

4 x fine of 6o° 3 * 3 * 

A a 2 Moreover 
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Moreover it appears, thai 

*f£ is = the limit of i±jWjLS:iMLfe[ X -I— 
1 2.5.8 (*) x 1. 3. 5 (*) % — 1 

= the limit of 3 «+«-,3«± i^3«+i£0 x , ' . which , 

i-3'S (?) a*. 3*"* 

by Art. IV. is = -—. 

2~i 



Therefore K is 






2TB B 



And, ia like manner, may a great number of other areas be com*- 
pared. 

Note- All the whole areas above-mentioned are * ftippofed to begin* 
where x begins, and to ftand upon aJbafe . =. 1. 
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